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The rotation group in 3 dimensions SO (3) has a 9× 9 representation

matrix D (R) when acting on rank-2 tensors. We’ve also seen that this 9-
dimensional representation breaks up into three smaller representations, of
dimension 3, 1 and 5. In Zee’s book, he shows explicitly how a member of
the 5-dimensional representation transforms. Here we’ll have a look at the
3-dimensional set.

The 3-dimensional set consists of the antisymmetric combinations of the
tensor T ij , given by

Aij = T ij−T ji (1)

This object transforms under rotation as follows

A′ij =RikRj`Ak` (2)

Due to the antisymmetry, there are only 3 independent Aijs, which we
can choose to be A12 =−A21, A13 =−A31 and A23 =−A32. All the diag-
onal elements are zero: A11 = A22 = A33 = 0.

Zee shows in his book that the Aijs are closed under rotations, so that
rotating one Aij always results in a linear combination of the Aijs. We can
write this out explicitly, using 2.

A′12 =R1kR2`Ak` (3)

=R11R22A12 +R12R21A21 +R11R23A13+

R13R21A31 +R12R23A23 +R13R22A32 (4)

=
(
R11R22−R12R21)A12 +

(
R11R23−R13R21)A13+(

R12R23−R13R22)A23 (5)

The other two elements transform in a similar way, and we have
1

https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Group%20theory/Representation%20of%20rotation%20group%20with%20rank-2%20tensors.pdf


IRREDUCIBLE REPRESENTATIONS OF ROTATION GROUP 2

A′13 =
(
R11R32−R12R31)A12 +

(
R11R33−R13R31)A13+(

R12R33−R13R32)A23 (6)

A′23 =
(
R21R32−R22R31)A12 +

(
R21R33−R23R31)A13+(

R22R33−R23R32)A23 (7)

If we represent the Aijs by column vectors, as in

A12 =

 1
0
0

 ; A13 =

 0
1
0

 ; A23 =

 0
0
1

 (8)

then the 3×3 representation can be written as a matrix

D3 (R) =

 R11R22−R12R21 R11R32−R12R31 R21R32−R22R31

R11R23−R13R21 R11R33−R13R31 R21R33−R23R31

R12R23−R13R22 R12R33−R13R32 R22R33−R23R32


(9)

As an example, suppose we rotate about the z axis by an angle φ. The
rotation matrix is then

R (φz) =

 cosφ sinφ 0
−sinφ cosφ 0

0 0 1

 (10)

Then R13 =R31 =R23 =R32 = 0 and the representation matrix is

D3 (R (φz)) =

 R11R22−R12R21 0 0
0 R11R33 R21R33

0 R12R33 R22R33

 (11)

=

 cos2φ+ sin2φ 0 0
0 cosφ −sinφ
0 sinφ cosφ

 (12)

=

 1 0 0
0 cosφ −sinφ
0 sinφ cosφ

 (13)

The antisymmetric components transform as
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A′12 = A12

A′13 = cosφA13 + sinφA23

A′23 =−sinφA13 + cosφA23

(14)

The 5-dimensional representation could be worked out in a similar way,
but would be considerably messier. Hopefully you get the idea from this
example.


